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Action space A is still discrete, and finite (though PPO works for
continuous action spaces, unlike DQN)

State space S is continuous (a subspace of R"), and each state is a vector
scS.

Environment is episodic, and agent always starts at/near starting state s.
We generate a full episode, and then afterwards learn.

Define measure of performance (joy) as
J(0) := Vi, (so)

Policy mg = 7(-|s; @) is a conditional probability distribution mg : S — AA
over actions, mapping state to logits.

o Gradient Vgmg is well-defined.

@ Choose 6 to maximize joy J(8) via gradient ascent

0« 6+ aVel(0)

Original PPO paper uses loss for everything. | use loss L for things we
minimize, and joy J for things we maximize.
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Aside: Expectations hide stuff!

The constant uses of E can hide a lot of what's going on when you implement it
in practice. Usually wish to compute expected value of some function f of
trajectories 7.

E,[f(1)] = >_ Pr(r]0)f(7)

and B[f(7)] = B S2I5L [£(2)] for when this is approximated by sampling .
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REINFORCE

Recall (VPG)

T-1
VoJ(0) =Ermr, lz Ve log m;(atlst)G(T)]

t=0

Algorithm 1 Vanilla Policy Gradient (y = 1)
Input: Environment p, Number of episodes M
1: for episode = 1 to M do
2: Generate episode sg, ag,r1,81,...,87_1,a7_1,TTST
3 Define Gt:Z;TF:_tlm for0<t<T -1
4: Define gain J(0) = 2?2_01 G log me(at|st)
5
6

Gradient ascent step 6 < 6 + 1V J(0)
: end for

VPG generates a trajectory, learns, then discards it, generates another.
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Clever trick 1: The future cannot affect the past
o In REINFORCE, each logmg(a;|s:) is multiplied by the full return G(7).
@ But a; cannot influence rewards that happened before it.
@ Can be shown that we can replace G(7) with the reward-to-go:

T
Gt:: Z rt/:rt+1+...+r7—

t'=t+1

which (in expectation) is the same as the Q-value Qq,(st, at).

@ This gives a lower-variance, unbiased estimator.

-
=

VoJ(0) =E,rp Vg log 7T0(3t|5t)G(T)]

...,
I
o

T-1
= ]ETNTrg Z VB |Og W@(at|st)Gt]
L t=0
rT-1
= ]ETNTI‘Q Ve log 7T«‘}(3t|5t)Qw@(st-, at)‘|
L t=0
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https://spinningup.openai.com/en/latest/spinningup/extra_pg_proof2.html

Theorem: By the EGLP Lemma, (i.e. math) we have
Eainne[Vo log ma(at|st)b(s:)] = 0

for any baseline function b depending only on state. So, can add/subtract any
such b to decrease variance = speed up learning

T-1
VoJ(0) =E;r, Z Ve logme(at|st) (Qwe (st, at)b(st)>1
t=0

Clever trick 2: Choose b(s;) = V,(s;) as (some estimate of) the value function.

VoJ(0) =E.or,

T-1
Z Vo log me(ar|st)Arg (St at)‘|
t=0

where A (s, a) :== Qx(s,a) — \7,r(s) is the advantage function
@ how much better taking action a is compared to sampling from m(-|s).

o (assuming optimal value function) with no advantage (A, = 0), stop
learning, (VoJ(0) = 0).
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https://spinningup.openai.com/en/latest/spinningup/rl_intro3.html#expected-grad-log-prob-lemma
https://spinningup.openai.com/en/latest/spinningup/rl_intro3.html#baselines-in-policy-gradients

Aside: n-step update

Recall TD(0): \Zr(st) — \Z,(st) + ad; where
8¢ = Opers = Fep1 + 7V (se01) — Va(se)
Why not include the information from two time-steps?
Stitv2 = fer1 + Vres2 + 72 Va(ses2) — Vie(se)

In general, we can perform n-step return updates:

~ ~

5t:t+n = rt41 + Yre+2 +...+ Vnier»n + ,}/n Vﬂ'(st+n) - Vﬂ'(st)
Or full rollout to the end of the episode (Monte Carlo (MC) update):
SeT =rp1+ 2+ s+ ATy — ‘77r(5t)

where T is the final time step of the episode.
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Aside: n-step update

Complete return Gy = Gp.7 = rep1 +Yrego + ... +7" "t trr. Can write
approximations using n-step returns:

Gtiton = res1 + Vg2 + ... + ’Ynilrt+n +A" \77r(5t+n)
In TD(0), we use the single-step return:
0 = Gt:t+1 - \A/w(st)
Grti1 = re1 + '7\77r(5t+1)

Can now write n-step TD update as:
5t:t+n = Gt:t+n - Vﬂ(st)
Can be shown that n-step return G;.;1, are all valid targets for TD updates.
@ Smaller n: Lower variance, higher bias
@ Larger n: Higher variance, lower bias
@ ...is there a way to get the benefits of both?
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Mixing updates

Can have any mixture of n-step returns as a valid target for TD updates. For

example,

_ Get41 '; Ge.t42 B Vﬂ(st)

is a valid TD update (an average of 1-step and 2-step returns).
TD(A) mixes over all n-step returns, weighting! G;.;y, by weight w, oc A"

Ot

A

5;\ = w1 Grey1 + WoGrpgo + W3Grpgs + ... — Vi(st)

The further forward in the future, the less weight it has.

TD(\) update

8} = G} — Vy(se) where G} = (1= X)) N"Grrynia
n=0

Exercise: Prove TD(A) for A =0 is TD(0), and that TD(1) is MC.

INote that -2, A" = ﬁ, so we scale weighting by 1 — .
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Eligibility Traces

Because math one can compute the TD()\) update rule
\77‘—(51’) — \771—(5[—) + 045?‘
- Vﬂ(st)>

— \771-(51‘) + « ((1 — )\) lz )\nGt:t+n+1
n=0

very efficiently as
Vie(st) ¢ Vi(se) + adeEe(st)
where E is the eligibility trace
E%s):=0
Ef(s) ;= YAET(s) 4 [s = 5]
and ; = Gp.pyp1 — \A/W(st) is the standard 1-step TD error. We use this for PPO

advantage A;.
M accumulating eligibility trace

| ] | | | times of visits to a state
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https://davidstarsilver.wordpress.com/wp-content/uploads/2025/04/lecture-4-model-free-prediction-.pdf

Actor-Critic VPG

Approximate advantage as A, = Aﬂe (st,a:) = CA),TB (styae) — \A/,Te (st)-

VoJ(0) = Errory

i-z_:_ol Vo log me(atst) (Qwe(st, at) — Vi, (st)ﬂ

where:
o Approx Qy, using empirical return, Qr,(s;,a;) :== G = ZtT':t+1 ry
o Approx V,, using critic network Vy,(s;) := Vg (st) with parameters ¢
@ Approximate the expectation E; ., by sampling 1)

VolJ(0) ~ K, r,

TZ_I Vo log ma(at|st) (Gt - V”Q(St)ﬂ

t=0

@ g is the actor and Vj is the critic.
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The critic is simply trained against the returns from the environment. We define
the value function loss or critic loss as

LVF () = Be[Vig(se) — GO

where G is the target for TD()\) introduced for eligibility traces.
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PPO: The big picture

PPO is just Actor-Critic VPG with a bag of tricks/heuristics on top:

@ Use importance sampling to allow off-policy training.

Clip the importance sampling ratio so new policy doesn't drift too far.
Use Actor-Critic method for stability:

o Actor chooses the actions
o Critic learns the value of states, and provides feedback to the actor.

@ Add an entropy bonus to prevent the policy converging on deterministic too
fast.

Q: Is the bag of tricks well motivated/principled?
A: Somewhat? Importance sampling is principled, clipping is kind of hacky, and
entropy bonus really feels like an afterthought, but it works!
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Importance Sampling

Recall VPG Joy estimator:

T-1

J(B) ~ ETNTK‘Q [Z |Og W0(3t|st)At

t=0

Inefficient to generate trajectories and then learn one at a time.

Sample lots of trajectories, and then learn from them (perhaps many times).

But during learning, data generated from mg,,,, but policy drifts to 7g.

T-1

J(8) # Ip:'rfwﬂ'ao,d lz log W@(at‘st)AAt

t=0

VPG is an on-policy method, so we can't use it.

@ We have 7 ~ mg_,, but we need 7 ~ 7yg.

old "
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Importance Sampling

Importance Sampling

Idea: Want to estimate E,.,[f(x)] using samples from q.

Exoplf(x)] = Exea [% f(x)] (1)
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Importance Sampling

We can log the probabilities mg_,, that were used to generate the trajectories:

old

T-1 -
: A R mo(ar|s
VJ(O) = Errng Z Ve Iogﬂe(atlst)At] = S Z Vo aat|;|t ¢ ]
t=0 -
[ T-1
) P(r|me) Voro(arlst) 5
TATO g P(T|7T90/d) =0 7T'g(at|5t)
~ E < M Vgﬂ'g(at|5t)
TNTO = ﬂ-@o/d(at‘st) T, 157
&= T-1
k Veme(at|st) » ~ A
e — 1oy At| = Eren Vor:(0)A
o tz:; 70, (at|st) ! Oold tz:; Ort( ) t

where r,(0) = % is the importance ratio. Note that ry(0o) = 1.
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PPO Clip Joy

T-1

J(O) =Brry [Z re(0)A,

t=0

@ Last dirty hack: try to make only a small update by clipping
ri(0) = %M)) to be in the range [1 —¢,1 + €].

ﬂeo/d(3t|5t
T-1
Smg) =By lz clip(re(8),1 — €, 1+ €)A,
t=0

@ Be conservative, and take smaller of the clipped and unclipped objective to
get a lower bound on the unclipped objective. See Section 3 of PPO paper.

PPO Clip Joy

JELP () = [me i Ahclip(rt(e)»l—6’1+6)At)1

for magic number ¢ = 0.2.
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https://arxiv.org/pdf/1707.06347.pdf

Entropy Bonus

@ We also add an entropy bonus to incentivise exploration by increasing the
entropy of the distribution. The entropy H(s) of a policy 7 in state s is
defined as

Ho(s)= 3 w(als)log
acA
m(als)>0

w(als)

@ Entropy can be thought of as a measure of how “random” the distribution is,
e Entropy bounded by 0 < H, < log |A|.

@ Min entropy of 0 means a deterministic policy (all the probability mass on
one output).

o Can also log Hx(s) during training. If it crashes to zero, model probably got
stuck.

@ Max entropy of log |.A| means the policy is uniformly guessing at random.

David Quarel (ARENA-5) June 9, 2026



Entropy Bonus

In practice, entropy bonus is computed as an average:

? Zﬂg(a|st log ————~ (a| 5

Note: We sum over all actions a, no dependency on the actual action a; taken!
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PPO at long last!

PPO Loss/Gain functions (> and E suppressed)

JEHP () = min(r(0) A, clip(re(0),1 — €,1 + €)A,) [clip joy]
L (@) = (Va(se) — G2)? [critic loss]
J{1(6) = Hro(st) [entropy joy]

Combine them all, with magic numbers cyr =~ 0.5, ¢y = 0.01, and € = 0.2.

PPO Objective

JFPO(0, ¢) = B[ JTHP(0) — cve Ly (o) + cnJf'(6)]

Maximise J”PO(0, ¢) with respect to policy parameters 6 and critic parameters ¢.
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Rollout phase

Generate experiences,
store in memory

Caleulate quantities using
Le_o\r‘ning phase

current actor & eritic networks

Actions sampled
o and stored memories

from current policy

Total objective =
entropy bonus + clippedl obj - value loss

Grodient ascent step
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