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What is Reinforcem

@ Up to this point we've been mostly within the regime of supervised learning
© We have access to labelled training data
@ Agent only sees “real world” once it's already performing well
@ Data is i.i.d between batches
@ No planning required, future predictions don't depend on past predictions
o RL is vastly different: Agent takes actions in an interactive environment,
receive scalar reward as feedback. This lends itself to several problems:
© Sparse reward: Sparse feedback to do good
@ Reward attribution: Which action mattered?

© No ground truth: Optimal policy unknown
© Explore vs. Exploit tradeoff:

@ Exploration: Learn how the world works
@ Exploitation: Exploit best understanding to get reward

@ (often) Online only: No clear distinction between training and testing.
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Y. LeCun

How Much Information is the Machine Given during Learning?

P> “Pure” Reinforcement Learning (cherry)
P The machine predicts a scalar reward given once in a
while.

> A few bits for some samples

P> Supervised Learning (icing)

P The machine predicts a category or a few numbers
for each input

P Predicting human-supplied data

» 10—10,000 bits per sample

P> Self-Supervised Learning (cake génoise)

P The machine predicts any part of its input for any
observed part.

P Predicts future frames in videos

P Millions of bits per sample
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Y. LeCun

How Much is the Machine Given during Learning?

P “Pure” { chherry) Learning (cherry)

P> The machine predicts a scalar reward given once in a
while.
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t-Environment Interaction Loop (MDPs)

o MDP is 4-tuple (S, T, A, R):
o states S
e actions A
e transition distribution T : S x A — AS.
T(s'|s,a) = Pr(st+1 = s'|s: = s,a: = a).
o reward function R: S x A xS — R
@ Agent has policy m: S — AA. w(als) = Pr(a; = a|s; = s).

@ On timestep t,
o Agent samples a; ~ 7(+|s;), gives action a; to environment.
e Environment samples s¢y1 ~ T (- | st, a:), computes rep1 = R(st, a¢, Se1), and
gives percept (se+1, fr+1) to agent.
@ Generates an interaction history, or trajectory

S0, 40, 1, 51,41, 2, 52,42, 13,53, . ..

state reward action
N t R t A .

R
s.. | Environment
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jective of the Agent

o At timestep t, the return G; is the sum of all future rewards:

Gt = rep1+ rey2+ s+ ..

@ Goal: Maximise the return.
o For episodic (finite length interaction) environments of maximum duration T,
return Gy = rep1 + rey2 + ...+ rr well defined.
o Problems: (for continuing environments)
o The return may diverge or be undefined
e The agent might be lazy
o The environment is stochastic, and the rewards are often up to chance. How
to trade-off unlikely big rewards with likely small rewards?
o May desire rewards now to be more valuable than rewards later: $100 now?
Or $110 in a year?
@ Solutions:
o Add a discount factor «y € [0,1) so rewards more imminent are worth more,
and the return is always well defined.

Gt = rep1 +Yre2 + ’Y2rr+3 +...

o Want agent to choose actions to maximise the expected return.
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Core Assumptions

These kind of environments are called Markov Descision Processes (MDPs), and
have the following “nice” properties
@ Stationary: The environmental distribution T is fixed and does not change
over time

Markovian: The behaviour of the environment depend only on the current
state s; and action ay.

o
© Fully Observable: The state is a full description of the world
(]

Reward Hypothesis:
“That all of what we mean by goals and purposes can be well thought
of as the maximization of the expected value of the cumulative sum of a
received scalar signal (called reward).” -Rich Sutton
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Value Function

@ Want to define the “goodness” (value) of a state, so the agent can take
actions to move towards “good” states, and away from “bad” states.

@ The value of a state depends also on the current policy 7 chosen by the
agent.

Value Function

Vi(s) =E[Gt|s: = s]

(Expectation is also with respect to the transitional distribution T.)
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Bellman Equation

We note that since

Ge =y + 2+ 7z + ..
reet +(rep2 +ress +.0)
= rep1 + 761

we can then define the value function recursively,

Vi(s) =E,;[G; | st = 5]
=Ex[r41 + 7Get1 | st = 5]
=Ex[rey1 | st = S|+ VEx[Gry1 | st = 3]

_Z (als) ZT 'Is,a)R(s, a,s’)
_i_,yz als)z |S a E [Gt+1 | St4+1 _5]
_Z a|sz s'|s,a) (R(s,a,s") + vV (s"))
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Policy Evaluation

This gives the Bellman equation

Bellman Equation

Ve(s) = m(als) Y T(s'ls,a) (R(s,a,8') + 7 Vi(s"))

acA s’eS

@ Equation is linear in V. (-), giving a set of linear simultaneous equations.

@ Given policy 7, can now easy solve for V. (s1), Vi (s2),...

. . . . E
@ Computing V. from 7 is called policy evaluation, denote 7 — V/..
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Bellman Equation (stochastic policy)

Vi(s) = Z w(als) Z T(s'|s,a) (R(s,a,s") +vVx(s"))

acA s’eS

Assuming policy 7 : S — A is deterministic

Bellman Equation (deterministic policy)

Vy(s) = Z T(s'|s,a) (R(s,a,s") +vVx(s))

where a = 7(s).

Only need to sum over all states to find equation for V:(s) in terms of the value
of all states { V(s')}scs-
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Example Environment

o States S = sy, 51, Sg, actions A = {a, ar}, possible rewards R = {0, 1,2}.

@ Each transition indicates if an action is taken, the reward returned and which
state to transition to

@ What is the best action from state 5,7

+0 +2
ar,+1 ag, +0
Exercise: Depends on the choice of ! Verify that
1 2y
VTFL(SO) = 1— ,)/2 VT"R(SO) = 1— ,y2
so breakeven is at v = %
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Optimal Bellman

e Policy ; is better than mp (71 > mp) if Vs. Vi, (s) > Vi, (s). A policy is
optimal if it is better than all other policies.

@ Theorem: An optimal policy 7 always exists (may not be unique). Define
optimal value function as

Vi(s) := max Vi (s) = Viex(s)

Optimal Bellman Equation

Gives a set of non-linear simultaneous equations with variables V. (s1), Vi(s2), ...
Problem: No clear way to solve for V,(-)

Can't just compute V, using policy evaluation for all 7, as there are |A|lS| many
to choose from.
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Policy Improvement

@ Obviously we have that

V. (s) :maaxz T(s'|s,a) (R(s,a,s") +yV.(s")) (1)
>maxzs: T(s'ls,a) (R(s,a,") +7Vx(s")) )
>Z (s'ls,7(s)) (R(s, 7(s),s") + 7V (s")) 3)
:vﬂ( ) (4)

@ Given the value of a policy V,, can feed it through the optimal Bellman
equation (2) to get a better policy n’. Denote V, Lo

Policy Improvement

7'(s) == arg;naxz T(s'|s,a) (R(s,a,s") +vVx(s"))

Exercise: Prove 7/ > 7.
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Policy lteration

Policy Improvement (1)

7'(s) + arg;naxz T(s'|s,a) (R(s,a,s") +vVx(s))

Policy Evaluation (E)

Solve

Ve(s) =Y m(als) > T(s'|s,a) (R(s,a,s") +7Va(s)

a s’

for Vi (s1), Va(s2), .. ..

@ Start with arbitrary policy 7.
@ Note that 7, is fixed point of policy improvement.

@ Alternate until policy is stable
E I E E I E I E I
Mg = Vo =M = Vo —mm =V, = 2= Ve =,
Theorem: Policy iteration converges to optimal policy in finitely many steps!
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Slippery Gridworld

Figure: The slippery gridworld environment. The agent can move in any of the four
cardinal directions. Receives reward (punishment?) e < 0 on each timestep. Movement
is noisy, with a 70% chance of moving in the desired direction, and 10% of moving in the
other three directions. Episode ends when the agent lands in heaven - (and gets
reward +1)or in hell [lf] (and gets reward -1). The wall ] is impassible, any movement
that would walk into the wall, or off the grid, has no effect.
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Optimal Policy for Gridworld

—_ | = | = —_ | —
.
T — | — | «— T —
(a) e=—-0.01 (b) e=-0.1 (d)e=0.01
@ Patient: The penalty is slight, so the agent takes the long way around to get
to heaven.
@ Risky: The penalty is moderate, so the agent takes the shortest path to
heaven, risking hell along the way.
@ Agony: The penalty is severe, so the agent wants to end the episode as
quickly as possible.
@ Bliss: The reward is positive on each timestep, so the agent runs away from

heaven or hell to drag out the episode as long as possible.
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@ Transition distribution T : S x A — AS, sample s’ ~ T(:|s, a).
@ Reward function R: S x A x S — R, write reward rey1 := R(st, ar, Se+1)
@ Policy 7 : § — AA (stochastic) or 7 : S — A (deterministic), take a; = 7(s;) or

sample a; ~ 7(-|s¢).

@ History/Trajectory sy, ao, 11, s1, a1, 12, S2, 32, 13, S3, - . -

@ Agent is the algorithm that selects the policy based on the history.

@ Discount v € [0,1). Adjusts how far-sighted agent is. v = 0 is myopic. v — 1 is

far-sighted.

Return G; = rip1 + yripo +V2reps + ... = rip1 + vGeyy is sum of future discounted
rewards.

Goal is to maximise G;.

Value function Vi (s) = Ex[G|s: = s].

Bellman equation V(s) = >, .5 T(s'ls,a) (R(s,a,s") + 7 Vx(s"))

Policy Improvement 7'(s) < argmax,c 4 > cs T(s]s,a) (R(s,a,s") + yVx(s))
Policy Evaluation Solve V(s) =3 .., > . cs T(s']s,a) (r +yVx(s')) for
V,r(S1), Vﬂ—(Sz), e

AX is the set of all probability vectors [p1,. .., pa] over outcomes in X.
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Problems with Policy Iteration

Policy Improvement (1)

Taia(s)  argmax Y T(s'ls, a) (R(s,2,8') +7 Vi ()
a 5/

Policy Evaluation (E)

Solve
V,(s) = ZT((3|S) Z T(s'|s,a) (R(s,a,s") +vVx(s"))

a s’

for Vi(s1), Vx(52),- - ..

@ Requires white-box access to the environmental distribution T and reward
function R.
@ Only works for environments with few enough states and actions to sweep
through.
For the moment, we weaken only the first assumption. Environment is black box,
sample percepts (s’, r) given state-action pair (s, a) from unknown T and R.
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Temporal Difference Learning

@ Goal: Perform policy evaluation without access to environmental distribution.
@ Motivation: Consider once again the value function:

Vi(©) = | E  [R(s.2.5) +7Vx(s)

s'~T(+]s,a)

On timestep t, this is on average, equal to the actual reward ryy1, plus the
discounted value of the actual next state s;;1.

Vie(st) & rep1 + vV (sey1)
We define the TD-Error as the difference

61’ =41 + ’YVTA'(SI‘-H-) - V""(St)

This then gives us an update rule to improve on our estimate V, of V,, similar to
SGD, called TD(0).

Vo(se) < Vi(se) + ade = Vo (st) + (rt+1 AV (ses1) — Vﬁ(st))

where v € (0, 1] is the learning rate.
Theorem: Given a — 0 in a nice way, TD(0) guaranteed to converge to V.
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@ Q-value is the expected return from state s, taking action a, and thereafter
following policy 7.

Qx(s,3) = E;[Gt|s: = s, ar = 3]

Contrast with the value function

Vi(s) = E;[Gt|s: = s]

Q-value Bellman

Qr(s,a) = Z T(s'|s,a) (R(s,a,s") + 7Qx(s, "))

s/

where a’ = 7(s’)

Optimal Q-value Bellman

Q.(s,a) = Z T(s'|s,a) (R(s, a,s )+~ max Q.(s, a’))

s/
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Q-value vs. Value

Exercise: Can state @ in terms of V/, and vice-versa.
a) =Y _ T(s'|s,a) (R(s,a,5") +7Vx(s")
(s)=>_T(s'|s,7(s)) (R(s,7(s),5) + 7Qx (s, 7(5)))

(s,a) = Z T(s'|s,a) (R(s,a,s") +vVi(s"))

V.(s) = m;axz T(s'|s,a) (R(s7 a,s") +ymax Q.(s, a’))
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Motivation for Q-Value

@ So far, we have been learning a policy m, and using 7 to compute V.

@ Even if we were given V, directly, can't recover 7, without white-box access
to T and R (environment).

m.(s) = arg;naxz T(s'|s,a) (R(s,a,s") +yVi(s))

@ However, given Q,, we can directly recover 7,

m«(s) = arg max Q. (s, a)

o ldea: Learn Q, instead, argmax to recover policy .
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SARSA: On-Policy TD Control

Apply same argument as TD(0) to the Q-Value
Qi(s,a)=  E )[R(Sv a,5') +7Qu(s', m(s"))]

s'~T(|s,a

On timestep t, this is “on average”, equal to the actual reward r;;1, plus the
discounted Q-value of the actual next state-action pair s;11, a;y1.

Q«(st, ar) = rep1 + vQu(St41, ar41)

Update depends on (s¢, at, rt, St41, ar+1)-

SARSA Update Rule

Q*(Sty at) — é*(st; at) + a (ft+1 + ’Y@*(Sﬂrh 3t+1) - Q*(st, at))

where a € (0, 1] is the learning rate.

Actions drawn from e-greedy strategy

reEresdy(g) do randon: action prob e
argmax, Q.(s,a) prob1l—¢

Theorem: Under "niceness” conditions SARSA guaranteed to converge to Q..
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Q-Learning: Off-Policy TD Control

@ Why learn from a1 when it was a random exploration action? Why not
instead learn from the best! action arg max, Q(s:;1,4a’) that should have
been taken?

Q-Learning Update Rule

~

(st at))

é*(st, at) — é*(st, at) + (rt+1 + Y mQ?X Q(St+1, a,) —

Actions taken via e-greedy strategy over Q. (s, a).

Theorem: Under “niceness” conditions Q-learning guaranteed to converge to Q.

Laccording to the current Q-value estimates
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SARSA v.s. Q-Learning

SARSA Update Rule

é*(st, a) é*(st; at) +a (ft+1 + ’Yé*(stﬂ, arp1) — é*(st; 3t)>

Q-Learning Update Rule

Qu(st,ae) + Qulse ac) +a (rm +ymaxQ(se1, 2) = Qlst, at))

@ Q-Learning (usually) tends to converge faster than SARSA, and chooses
more aggressive/risky moves

@ SARSA learns from the moves that were actually taken, including any
exploration

@ In “risky" environments, SARSA will learn to avoid getting near dangerous
situations (to avoid accidentally taking a very bad exploratory move).
Q-Learning will not.
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Sarsa (on-policy TD control) for estimating Q ~ g.

Algorithm parameters: step size o € (0, 1], small € > 0
Initialize Q(s, a), for all s € 8*,a € A(s), arbitrarily except that Q(terminal,-) = 0

Loop for each episode:
Initialize S
Choose A from S using policy derived from Q (e.g., e-greedy)
Loop for each step of episode:
Take action A, observe R, S’
Choose A’ from S’ using policy derived from Q (e.g., e-greedy)
Q(S,A) < Q(S,A) + a[R+~Q(S", A') — Q(S, A)]
S« 8 A+ A
until S is terminal

Q-learning (off-policy TD control) for estimating 7 ~ .

Algorithm parameters: step size « € (0, 1], small € > 0
Initialize Q(s, a), for all s € 8*,a € A(s), arbitrarily except that Q(terminal,-) =0

Loop for each episode:

Initialize S

Loop for each step of episode:
Choose A from S using policy derived from Q (e.g., e-greedy)
Take action A, observe R, S’
Q(S, A) «+ Q(S, A) + a[R + ymax, Q(Y,a) — Q(S, 4)]
S« 9

until S is terminal
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Multi-Armed Bandits

The simplest type of RL environment with interaction

Agent has a set of "arms” (actions) .A. Environment has a family of
(unknown) reward distributions {p,}.c.4 for each action.

On timestep t, agent chooses action a; and receives reward ry ~ p,.(+).

Goal: always choose the arm with the highest expected payout:

q«(a) = E[re|a; = 2]

Need to balance trying all the arms to get a good estimate of the value of
each arm, v.s. always trying to pull the best arm.
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Figure 2.1: An example bandit problem from the 10-armed testbed. The true value g.(a) of
each of the ten actions was selected according to a normal distribution with mean zero and unit
variance, and then the actual rewards were selected according to a mean g.(a), unit-variance
normal distribution, as suggested by these gray distributions.
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Bandit Algorithm

° @t(a) is the agent's estimate of the reward of playing arm a, having access to
the history of rewards up to time t.

A __sum of rewards when a chosen up to timestep t

QRi(a) =

number of times a chosen up to timestep t

o Q.(a) represents the empirical average reward obtained from action a up to
and including timestep t.

e Choose arm with highest estimated payout: a;;; := arg max Q¢(a).

o Problem: Can get stuck with a suboptimal arm.
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Encouraging Exploration

@ First approach: Just do random stuff every now and again, hope for the best

e—greedy _ Do random action Prob ¢
arg max, Q:(a") Prob 1 —e¢

© Better approach: Give a bonus to actions seldom taken

Int
N,(a')
reward estimate N——

exploration bonus

2B = arg max Q@) + ¢
——

a’

where N;(a) = number of times a chosen during timesteps 1,...,t

@ Intuition: Error of Q,(a) is o« —L—. Add a bonus proportional to variance,
t( ) \/m prop

so actions with high variance = few samples get explored
@ Add Int to numerator to ensure every action is sampled infinitely often.
Theory says Int and ¢ = 2 best.
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